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We introduce the notion of the generalized Catalan matrix as a
kind of lower triangular Toeplitz matrix whose nonzero elements
involve the generalized Catalan numbers. Inverse of the linear com-
bination of the Pascal matrix with the identity matrix is computed
in Aggarwala and Lamoureux (2002) [1]. In this paper, continuing
this idea, we invert various linear combinations of the generalized
Catalan matrix with the identity matrix. A simple and efﬁcient
approach to invert the Pascal matrix plus one in terms of the
Hadamard product of the Pascal matrix and appropriate lower tri-
angular Toeplitz matrices is considered in Yang and Liu (2006) [14].
Wederive representations for inverses of linear combinations of the
generalized Catalan matrix and the identity matrix, in terms of the
Hadamard product which includes the Generalized Catalan matrix
and appropriate lower triangular Toeplitz matrix.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The Catalan numbers are the terms of the sequence 1, 1, 2, 5, 14, 42, 132, . . . where the initial term
of is C0 = 1, and the nth number in the sequence is given in terms of binomial coefﬁcients by
Cn = 1
n + 1
(
2n
n
)
= (2n)!
(n + 1)! n! , n 1. (1.1)
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The Catalan numbers satisfy the recurrence relation
Cn+1 =
n∑
l=0
Cl · Cn−l , n 0. (1.2)
In [11] the authors introduced the notion of the Catalan matrix by inserting the Catalan numbers
into a lower triangular Toeplitz matrix. We recall that a Toeplitz matrix is matrix having constant
entries along the diagonals.
The Catalan matrix of order n, denoted by Cn[x] = [ci,j[x]], i, j = 1, . . . , n, is deﬁned as
ci,j[x] =
{
xi−jCi−j , i − j 0,
0, i − j < 0, (1.3)
where Cn denotes the nth Catalan number.
In the literaturemany generalizations of Catalan numbers have been introduced.Weuse the follow-
ing generalization of Catalan numbers (see, for example [7,9]), depending on the integer parameters
a and b:
Cn(a, b) = a
a + bn
(
a + bn
n
)
, n 0. (1.4)
The identity C0(a, b) = 1 evidently holds in the case a /= 0, and also we assume C0(0, b) = 1
throughout the paper. In the case (a, b) = (1, 2) the generalized Catalan numbers reduce to Catalan
numbers. The convolution formula for generalized Catalan numbers [9]
n∑
l=0
Cl(a, b)Cn−l(c, b) = Cn(a + c, b) (1.5)
represents a very useful recurrence relation. This formula is also known as the Hagen–Rothe convolu-
tion (see [7]).
In the following deﬁnition we introduce the concept of generalized Catalan matrix, which is ob-
tained by arranging the generalized Catalan numbers (1.4) along the diagonals of a lower triangular
Toeplitz matrix. In order to ensure the existence of the generalized Catalan matrix and of its powers
with nonnegative exponents, throughout the paper we assume the default conditions a > 0, b 0 for
the parameters a and b.
Deﬁnition 1.1. Given the integers a > 0 and b 0, the generalized Catalan matrix of order n, denoted
by Cn[a, b; x] = [ci,j[a, b; x]], i, j = 1, . . . , n, is the matrix having elements
ci,j[a, b; x] =
{
xi−jCi−j(a, b), i − j 0,
0, i − j < 0. (1.6)
The Catalanmatrix [11] is the particular generalized Catalanmatrix deﬁned in Deﬁnition 1.1, in the
case where a = 1, b = 2.
Example 1.1. The generalized Catalan matrix C5[a, b; x], a > 0, b 0, of order 5 is equal to⎡
⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 0
ax 1 0 0 0
1
2
a(a + 2b − 1)x2 ax 1 0 0
1
6
a(a + 3b − 2)(a + 3b − 1)x3 1
2
a(a + 2b − 1)x2 ax 1 0
1
24
a(a + 4b − 3)(a + 4b − 2)(a + 4b − 1)x4 1
6
a(a + 3b − 2)(a + 3b − 1)x3 1
2
a(a + 2b − 1)x2 ax 1
⎤
⎥⎥⎥⎥⎥⎥⎦
.
The generalized Pascal matrix, denoted by Pn[x] = [pi,j[x]], i, j = 1, . . . , n is deﬁned by
pi,j[x] =
⎧⎨
⎩x
i−j
(
i − 1
j − 1
)
, i − j 0,
0, i − j < 0.
(1.7)
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In the case x = 1 we use the simpler notation Pn = Pn[1] for the usual Pascal matrix.
Various types of Pascal matrices have been studied in [1–3,15].
The problem of representing the inverse of the Pascalmatrix and the inverse of linear combinations
of the identity and the Pascal matrix is well studied in the literature. In particular, motivated by a
problem from statistics, in [1] it is shown how to invert I − λPn[a].
The goal of this paper is to extend the above results on Pascal matrices to the case of generalized
Catalan matrices. We ﬁrst provide an explicit representation of the kth power of the matrix Cn[a, b; x],
k 0, which shows that the kth power of the generalized Catalan matrix is still a generalized Catalan
matrix. Then we obtain an explicit representation of (I − λCn[a, b; x])−1, as well as the expansion of
the resolvent (λI − Cn[a, b; x])−1 in termsof theGamma function and the Fox–Wright hypergeometric
function. Finally, we construct thematrixn satisfying (I − λCn[a, b; x])−1 = Cn[a, b; x] ◦ n, wheren is a lower triangular Toeplitz matrix with nonzero elements deﬁned in terms of the Gamma
function, the Pochhammer function and the Fox–Wright hypergeometric function.
The analogous results valid for Catalan matrices are particular cases of our more general results.
The paper is organized as follows. In Section 2we recall some deﬁnitions and some results on Pascal
matrices. Section 3 contains the main results on generalized Catalan matrices. In Section 4 we draw
the conclusions.
2. Deﬁnitions and motivation
For the sake of completeness we recall the deﬁnitions of the generalized hypergeometric functions,
the Euler polynomials and the Bernoulli numbers as well as the notion of the Hadamard product of
matrices.
The generalized hypergeometric function is given by
pFq(a1, . . . , ap; b1, . . . , bq; λ) =
∞∑
k=0
(a1)k · · · (ap)k
(b1)k · · · (bq)k ·
λk
k! , (2.1)
where
(a)n = a(a + 1) · · · (a + n − 1) = Γ (a + n)
Γ (a)
(2.2)
is thewell-knownPochhammer function (also knownas rising factorial notation) andΓ (n) is the Euler
gamma function (see, for example [10,13]).
The next deﬁnition of the Fox–Wright generalization pq of the hypergeometric function pFq is
frequently used in the literature (see, for example [6,12]):
pq
⎡
⎣(α1, A1), . . . , (αp, Ap); λ
(β1, B1), . . . , (βq, Bq);
⎤
⎦ = pq [(αj , Aj)1,p; (βj , Bj)1,q; λ]
:= ∑∞k=0 Γ (α1+A1k)···Γ (αp+Apk)Γ (β1+B1k)···Γ (βq+Bqk) λkk! ,
(2.3)
where Aj > 0, j = 1, . . . , p, Bj > 0, j = 1, . . . , q for suitably bounded values of |λ|. In particular,
when Aj = 1, j = 1, . . . , p and Bj = 1, j = 1, . . . , q, we have the following obvious relationship
pFq(α1, . . . ,αp;β1, . . . ,βq; λ) = Γ (β1) · · ·Γ (βq)
Γ (α1) · · ·Γ (αp) · pq
[
(αj , 1)1,p; (βj , 1)1,q; λ] . (2.4)
The Euler polynomials En(x) are deﬁned by the generating function (see [4,5])
∞∑
n=0
En(x)
tn
n! =
2etx
et + 1 .
The Bernoulli numbers Bn are deﬁned by (see [4,5])
∞∑
n=0
Bn
tn
n! =
t
et − 1 .
P. Stanimirovic´, S. Stanimirovic´ / Linear Algebra and its Applications 433 (2010) 1472–1480 1475
The Hadamard product A ◦ B of two matrices A = [ai,j] and B = [bi,j] is the matrix obtained by
entry-wise multiplication of matrices A and B: (A ◦ B)i,j = ai,jbi,j .
In [1,14], the inverse of the Pascal matrix is represented as the Hadamard product P−1n = Pn ◦ Γn,
where Γn is the n × n lower triangular matrix deﬁned by
(Γn)i,j =
{
(−1)i−j , i j 1,
0, i < j.
Moreover, the matrix (Pn + In)−1 is the Hadamard product Pn ◦ n, where n is the n × n lower
triangular matrix deﬁned by [14]
(n)i,j =
{
1
2
Ei−j(0), i j 1,
0, i < j.
or
(n)i,j =
{
(1−2i−j+1)Bi−j+1
i−j+1 , i j 1,
0, i < j.
Aggarwala and Lamoureux [1] have proved that elements (n)i,j are values of the Dirichlet eta
function evaluated at negative integers, or more generally, certain polylogarithm functions evaluated
at the number −1.
The goal of this paper is to extend the above results on Pascal matrices to the case of generalized
Catalan matrices.
These representations might be useful in applications in control engineering, where it is needed to
calculate the determinant and adjoint polynomials of the matrix (λI − A)−1.
3. Inverting linear combinations of generalized Catalan matrices with identity matrix
In order to accomplish the above described goals of the present article, a formula for the kth power
of the generalized Catalan matrix is derived.
In the paper [1] authors have shown that the kth power of the Pascal matrix is again the Pascal
matrix, proving the fact
P[s]k = P[ks],
for any integer k. In the case k 0,weprove that kth power of the generalizedCatalanmatrix Cn[a, b; x],
a > 0, b 0 satisﬁes the same property with respect to the ﬁrst parameter.
Lemma 3.1. For arbitrary integer k 0, the kth power of the generalized Catalanmatrix Cn[a, b; x], a > 0,
b 0 is equal to
Cn[a, b; x]k = Cn[ak, b; x]. (3.1)
Proof. In the case k = 0 it sufﬁces to verify Cn[a, b; x]0 = In = Cn[0, b; x]. The statement in the case
k > 0 can be veriﬁed by mathematical induction, where the inductive step follows from the Hagen–
Rothe convolution (1.5). 
Example 3.1. The kth power of the generalizedCatalanmatrix C5[a, b; x], a > 0, b 0, in the case k 0,
is equal to⎡
⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 0
akx 1 0 0 0
1
2
ak(2b + ak − 1)x2 akx 1 0 0
1
6
ak(3b + ak − 2)(3b + ak − 1)x3 1
2
ak(2b + ak − 1)x2 akx 1 0
1
24
ak(4b + ak − 3)(4b + ak − 2)(4b + ak − 1)x4 1
6
ak(3b + ak − 2)(3b + ak − 1)x3 1
2
ak(2b + ak − 1)x2 akx 1
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.
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The following theorem contains our main result: explicit inversion of the linear combination I −
λCn[a, b; x].
Theorem 3.1. For an arbitrary small value of the parameter λ satisfying |λ| < 1/‖Cn[a, b; x]‖ and
selected integers i, j n, an arbitrary (i, j)th element of the inverse (I − λCn[a, b; x])−1, a > 0, b 0, can
be expressed as in the following
(I − λCn[a, b; x])−1i,j
=
⎧⎪⎪⎨
⎪⎪⎩
δi,j + xi−j · λ · a(i−j)! · 21
⎡
⎣(2, 1), (a + b(i − j), a); λ
(a + (b − 1)(i − j) + 1, a);
⎤
⎦ , i j,
0, i < j,
(3.2)
=
⎧⎪⎨
⎪⎩
∑∞
k=0 λk, i = j,
xi−j · λ · a
(i−j)!
∑∞
k=0(a + (i − j)b + ak − (i − j − 1))i−j−1(k + 1)λk, i j + 1,
0, i < j.
(3.3)
where δi,j is the Kronecker delta symbol.
Proof. It is known that if ‖ · ‖ is a matrix norm and if ‖A‖ < 1, A ∈ Rn×n, then I − A is invertible
and (I − A)−1 = ∑∞k=0 Ak (see, for example [8]). The generalized Catalan matrix Cn[a, b; x] has the
ﬁnite matrix norm, so for any value of the parameter λ satisfying |λ| < 1/‖Cn[a, b; x]‖ we have‖λCn[a, b; x]‖ < 1, and it is possible to express the inverse of thematrix I − λCn[a, b; x] as the follow-
ing inﬁnite matrix sum
(I − λCn[a, b; x])−1 =
∞∑
k=0
λkCn[a, b; x]k.
In view of (3.1) we have
(I − λCn[a, b; x])−1i,j =
{
δi,j + xi−j∑∞k=1 λkCi−j(ka, b), i j,
0, i < j.
(3.4)
Using the following relation in the case i j, k 1
xi−jCi−j(ka,b)
Ci−j(a,b) = x
i−j
Ci−j(a,b) · kaka+b(i−j)
(
ka + b(i − j)
i − j
)
,
= xi−j · k · (a+(b−1)(i−j))!(ka+b(i−j)−1)!
(ka+(b−1)(i−j))!(a+b(i−j)−1)! ,
= xi−j · k · (a+b(i−j))(k−1)a
(a+(b−1)(i−j)+1)(k−1)a ,
(3.5)
and later combining (3.4) and (3.5) we immediately obtain
(I − λCn[a, b; x])−1i,j =δi,j + Ci−j(a, b) xi−j
∞∑
k=1
λk k
(a + b(i − j))(k−1)a
(a + (b − 1)(i − j) + 1)(k−1)a ,
=δi,j + Ci−j(a, b) xi−j λ
∞∑
k=1
k! (a + b(i − j))(k−1)a
(a + (b − 1)(i − j) + 1)(k−1)a
λk−1
(k − 1)! ,
=δi,j + Ci−j(a, b) xi−j λ
∞∑
k=1
(2)k−1 (a + b(i − j))(k−1)a
(a + (b − 1)(i − j) + 1)(k−1)a
λk−1
(k − 1)! .
The last equation can be later written as
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(I − λCn[a, b; x])−1i,j = δi,j + xi−j Ci−j(a, b) λ
∞∑
k=0
(2)k (a + b(i − j))ka
(a + (b − 1)(i − j) + 1)ka
λk
k! .
We now continue the transformations using
∞∑
k=0
(2)k (a + b(i − j))ka
(a + (b − 1)(i − j) + 1)ka
λk
k!
= Γ (a + (b − 1)(i − j) + 1)
Γ (2)Γ (a + b(i − j))
∞∑
k=0
Γ (2 + k)Γ (a + b(i − j) + ak)
Γ (a + (b − 1)(i − j) + 1 + ak)
λk
k! ,
which leads to
(I − λCn[a, b; x])−1i,j =
δi,j + xi−j · Ci−j(a, b) · λ · Γ (a+(b−1)(i−j)+1)Γ (a+b(i−j)) · 21
⎡
⎣(2, 1), (a + b(i − j), a); λ
(a + (b − 1)(i − j) + 1, a);
⎤
⎦ , (3.6)
in the case i j. Now, the conﬁrmation of the ﬁrst case in (3.2) follows from the following transforma-
tions
Ci−j(a, b) · Γ (a+(b−1)(i−j)+1)Γ (a+b(i−j))
= a
a+b(i−j)
(a+b(i−j)−(i−j−1))(i−j)
Γ (i−j+1) · Γ (a+b(i−j)−(i−j−1))Γ (a+b(i−j))= a
(i−j)! ,
which can be veriﬁed in both cases i = j and i j + 1 using well-known relations Γ (z + 1) = zΓ (z)
and Γ (n) = (n − 1)! for an arbitrary positive integer n. The proof can be completed by verifying (3.3)
by means of the identity
21
⎡
⎣(2, 1), (a + b(i − j), a); λ
(a + (b − 1)(i − j) + 1, a);
⎤
⎦
=
{
1
a
∑∞
k=0 λk, i = j,∑∞
k=0(a + (i − j)b + ak − (i − j − 1))i−j−1(k + 1)λk, i j + 1. (3.7)
which is valid in the case i j. 
Example 3.2. Using the results of Theorem 3.1 we compute the inverse of the matrix I − λC3[a, b; x]
in the case |λ| < 1/‖C3[a, b; x]‖. Nonzero entries of the inverse matrix are as follows
(I − λC3[a, b; x])−1j,j =
∑
k
λk,
(I − λC3[a, b; x])−1j+1,j = xλa
∑
k
(k + 1)λk, (3.8)
(I − λC3[a, b; x])−1j+2,j = x2λ
a
2
⎛
⎝(a + 2b − 1)∑
k
(k + 1)λk + aλ∑
k
(k + 1)(k + 2)λk
⎞
⎠ .
All three sums included in the right hand sides in (3.8) are convergent in the case |λ| < 1. Using
∑
k
λk → 1
1 − λ ,
∑
k
(k + 1)λk → 1
(1 − λ)2 ,
∑
k
(k + 1)(k + 2)λk → 2
(1 − λ)3 ,
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and applying necessary algebraic transformations, it is possible to verify that the inverse is equal to
(I − λC3[a, b; x])−1 =
⎡
⎢⎢⎢⎢⎣
1
1−λ 0 0
xλa
(1−λ)2
1
1−λ 0
x2λa(λa+a+2b−2bλ+λ−1)
2(1−λ)3
xλa
(1−λ)2
1
1−λ
⎤
⎥⎥⎥⎥⎦
for every parameter λ satisfying |λ| < min{1, 1/‖C3[a, b; x]‖}.
In the particular case a = 1, b = 2 we obtain the following result for the Catalan matrix.
Corollary 3.1. An arbitrary (i, j)th element of the inverse (I − λCn[x])−1 is given by
(I − λCn[x])−1i,j =
{
δi,j + xi−j · Ci−j · λ · 2F1(2, 2(i − j) + 1; i − j + 2; λ), i j,
0, i < j,
(3.9)
for every parameter λ satisfying |λ| < 1/‖Cn[x]‖ and i, j n.
Applying results of Theorem 3.1 we obtain the next explicit representation for the resolvent of the
generalized Catalan matrix.
Corollary 3.2. For any parameterλ satisfying |λ| > ‖Cn[a, b; x]‖, positive integers i, j n and parameters
a > 0, b 0, an arbitrary (i, j)th element of the resolvent (λI − Cn[a, b; x])−1 can be expressed as in the
following
(λI − Cn[a, b; x])−1i,j =⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1
λ
δi,j + xi−j · 1λ2 · a(i−j)! · 21
⎡
⎢⎣(2, 1), (a + b(i − j), a); 1λ
(a + (b − 1)(i − j) + 1, a);
⎤
⎥⎦ , i j,
0, i < j.
Proof. Since the condition ‖ 1
λ
Cn[a, b; x]‖ < 1 is satisﬁed, the proof follows from
(λI − Cn[a, b; x])−1 = 1
λ
(
I − 1
λ
Cn[a, b; x]
)−1
and Theorem 3.1.
Corollary 3.3. An arbitrary (i, j)th element of the inverse (λI − Cn[x])−1 can be expressed explicitly by
(λI − Cn[x])−1i,j =
{
1
λ
δi,j + xi−j · Ci−j · 1λ2 · 2F1(2, 2i − 2j + 1; i − j + 2; 1λ ), i j,
0, i < j,
(3.10)
for any parameter λ satisfying |λ| > ‖Cn[x]‖ and for indices i, j n.
Now we ﬁnd the matrix n satisfying (I − λCn[a, b; x])−1 = Cn[a, b; x] ◦ n.
Theorem 3.2. For the parameter λ satisfying |λ| < ‖Cn[a, b; x]‖ and the parameters a > 0, b 0 the
inverse (I − λCn[a, b; x])−1 can be expressed as
(I − λCn[a, b; x])−1 = Cn[a, b; x] ◦ n,
where
(n)i,j =
⎧⎪⎪⎨
⎪⎪⎩
λ1−δi,j · Γ (a+(b−1)(i−j)+1)
Γ (a+b(i−j)) · 21
⎡
⎣(2, 1), (a + b(i − j), a); λ
(a + (b − 1)(i − j) + 1, a);
⎤
⎦ , i j,
0, i < j.
(3.11)
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Proof. In the case i > j the proof immediately follows from identity (3.6) of Theorem 3.1. On the other
hand, in the case i = j, formula (3.11) reduces to
(n)i,i = λ1−δi,i · Γ (a + 1)
Γ (a)
· 21
⎡
⎣(2, 1), (a, a); λ
(a + 1, a);
⎤
⎦ .
Now, the identities
(n)i,i=
∞∑
k=0
λk (3.12)
(I − λCn[a, b; x])−1i,i =
∞∑
k=0
λk (3.13)
follow from (3.7) and (3.3), respectively. Thus, the identity
(I − λCn[a, b; x])−1i,i = ci,i[a, b; x] · (n)i,i
is true, since ci,i[a, b; x] = 1. 
4. Conclusion
We have introduced the deﬁnition of generalized Catalan matrix Cn[a, b; x], as a lower triangular
Toeplitz matrix whose nonzero entries involve the generalized Catalan numbers.
Motivated by the main result in [1], where the linear combination I − λPn[x] of the Pascal matrix
with the identitymatrix is inverted, in the present paperwe invert linear combinations I − λCn[a, b; x]
and λI − Cn[a, b; x] of the generalized Catalan matrix with the identity matrix. In particular, the
inverse of various linear combinations of the identity and the generalized Catalan matrices are ex-
pressed in terms of the generalized Catalan numbers, the Euler Gamma function and the Fox–Wright
hypergeometric function.
Analogous results for the Catalan matrix, shown in [11], are derived as corollaries.
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